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A probability-based analysis method for predicting buckling loads of compression-loaded laminated composite
shells is presented, and its potential as a basis for a new shell-stability design criterion is demonstrated and discussed.
In particular, a database containing information about specimen geometry, material properties, and measured
initial geometric imperfections for a selected group of laminated-composite cylindrical shells is used to calculate
new buckling-load “knockdown factors.” These knockdown factors are shown to be substantially improved and
hence much less conservative than the corresponding deterministic knockdown factors that are presently used by
industry. The probability integral associated with the analysis is evaluated by using two methods; that is, by using
the exact Monte Carlo method and by using an approximate first-order second-moment method. A comparison
of the results from these two methods indicates that the first-order second-moment method yields results that
are conservative for the shells considered. Furthermore, the results show that the improved, reliability-based
knockdown factor presented always yields a safe estimate of the buckling load for the shells examined.

Nomenclature
Aio = Fourier coefficients of the measured initial

imperfections [see Eq. (7)]
a = E(Z), mean value of Z
Ck�, Dk� = Fourier coefficients of the measured initial

imperfections [see Eq. (7)]
c =

√
[3(1 − ν2

12)]
cov(X j , Xk) = covariance of the random variables X j and Xk

[see Eq. (11)]
E(X j ) = mean value of the random variable X j

[see Eq. (10)]
E11, E22 = Young’s moduli in the 1 and 2 directions
erf (β) = error function
f X̄ (x̄) = joint probability density function
fZ (t) = probability density function
G12 = shear modulus in the 1-2 plane
g(X̄) = response (or limit-state) function
i, k, � = integers
L = shell length
Nc� = E11t2/cR, classical buckling load of the

corresponding isotropic shell
P = axial compression load
Pc = 2π Rλm

c Nc�, critical (lowest) buckling load
using membrane prebuckling

Pexp = experimental buckling load
Pf (λ) = probability of failure
R = shell radius
R(λ) = reliability function

Presented as Paper 2003-1842 at the AIAA/ASME/ASCE/AHS/ASC 44th
Structures, Structural Dynamics, and Materials Conference, Norfolk, VA,
7–10 April 2003; received 8 June 2004; revision received 20 December
2004; accepted for publication 11 January 2005. Copyright c© 2005 by
Johann Arbocz. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00 per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0001-1452/05 $10.00 in correspondence with
the CCC.

∗Professor, Faculty of Aerospace Engineering. Fellow AIAA.
†Aerospace Engineer, Mechanics and Durability Branch. Member AIAA.

t = shell wall thickness
var(Z) = variance of Z
W̄ = out-of-plane imperfection
X̄ = vector representing the random variables of the

problem
Z ¯(X) = linearized response (or limit-state) function
β = reliability index [see Eq. (21)]
γ = traditional empirical knockdown factor
�asy = asymmetric component of the rms value of the

measured initial imperfection [see Eq. (9)]
�axi = axisymmetric component of the rms value of

the measured initial imperfection [see Eq. (9)]
�rms = rms value of the measured initial imperfection

[see Eq. (8)]
�s = normalized random collapse load
λ = normalized loading parameter (= P/Pc)
λa = reliability-based improved knockdown factor

(see Fig. 2)
λm

c = 0.398, critical (lowest) normalized buckling
load of shell AWCYL-11-1 using membrane
prebucking

λci = eigenvalue corresponding to the axisymmetric
mode with i half-waves in the axial direction
[see Eq. (7)]

λc,k� = eigenvalue corresponding to the asymmetric
mode with k half-waves in the axial direction
and � full waves in the circumferential direction
[see Eq. (7)]

ν12 = Poisson’s ratio
ξ̄1 = −�axi, equivalent axisymmetric imperfection

amplitude
ξ̄2 = �asy, equivalent asymmetric imperfection

amplitude
ρa = λa/λ

m
c , reliability-based improved renormalized

knockdown factor (see Fig. 2)
ρci = renormalized axisymmetric eigenvalue,

λci /0.398
ρc,k� = renormalized asymmetric eigenvalue,

λc,k�/0.398
σZ =

√
[var(Z)], standard deviation of Z

φ(β) = standard normal probability distribution
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Introduction

T HE difficulty in predicting the behavior of compression-loaded
thin-walled cylindrical shells continues to concern design en-

gineers. Thanks to extensive research programs conducted in the
late 1960s and early 1970s and the contributions of many eminent
scientists, it is now known that buckling strength can be affected
significantly by the uncertainties in the definition of loads, material
properties, geometric variables, edge support conditions, engineer-
ing models, and the accuracy of the analysis tools used in the design
phase.

Presently, the NASA design criteria monographs, e.g., NASA SP-
8007,1 from the late 1960s are used, to a wide extent, in industry
to design buckling-critical shells. The data in these monographs
account for design uncertainties by using a “lump-sum” safety fac-
tor that is determined from experimental data. This safety factor
is often referred to by designers as the “empirical knockdown fac-
tor γ .” Structural design verification is achieved by applying the
worst-case loading to the structure and testing to failure. However,
it has been found that using this approach to design buckling-critical
shells often leads to overly conservative designs. The reason for this
deficiency is primarily because the empirical knockdown factor is
based on a lower-bound design curve derived from a large amount of
experimental data for which the test pedigree and other things like
initial geometric imperfections and boundary conditions are not well
defined. In addition, these knockdown factors do not include infor-
mation for shell structures made from advanced composite materi-
als. Thus, new, improved knockdown factors are expected to yield
significant weight savings and improved performance in the design
of buckling-critical shells. Further, the new knockdown factors pre-
sented herein will, for the first time, provide design information
for compression-loaded composite laminated shells. One approach
that appears to have potential for realizing these improvements is a
reliability-based approach.

Following the pioneering work of Freudenthal2 on structural
safety and reliability, around 1970, the use of probabilistic methods
to assess the safety of structures was proposed.3,4 Recent papers, for
example, Refs. 5–7, have proposed a new reliability-based design
procedure for buckling-critical isotropic shells. However, similar
results for compression-loaded laminated composite shells do not
exist in the literature.

The focus of the present paper is on the extension of the probabilis-
tic approach to buckling of compression-loaded laminated compos-
ite shells. In particular, the goal is to formulate a new and improved
scientific knockdown factor that is based on statistical information
obtained from measurements made on families of composite shells.
As a minimum, the measurements include initial geometric imper-
fections, but can also include other critical details such as shell-wall
thickness variations, material property variations, nonuniform load
introduction, and boundary condition effects. With this approach, it
is believed that a scientific, reliability-based knockdown factor will
result in a better engineered, better designed, and safer structure by
quantifying, and supplying understanding of, problem uncertainties
such as initial imperfections and their interaction with the design
variables.

Thus, the objective of the present paper is to demonstrate a
reliability-based buckling-analysis approach that can be used as
the basis of a new preliminary design criterion for buckling-
critical shells, particularly for shells made of advanced laminated-
composite materials. To accomplish this objective, a probability-
based analysis method for buckling of compression-loaded cylin-
drical shells is presented first. In this method, a database that contains
information about test specimen geometry, material properties, and
measured initial imperfections for a selected group of laminated-
composite cylindrical shells is used to calculate reliability-based
buckling-load knockdown factors. In addition, the probability inte-
gral associated with the analysis is evaluated by using an approx-
imate, less computationally intensive, first-order second-moment
(FOSM) method, and these results are compared to correspond-
ing results obtained by using the exact, computationally inten-
sive Monte Carlo method. Then, the results of the reliability-
based analysis are compared with results based on NASA design

guidelines for buckling of compression-loaded isotropic cylindrical
shells.

Reliability-Based Buckling Analysis
The buckling problem for axially compressed cylinders can best

be formulated in terms of a response (or limit state) function such
as

g(X̄) = �s(X̄) − λ (1)

The components of the random vector Xi can be Fourier coeffi-
cients of the initial geometric imperfections and other parameters
that quantify the uncertainties in the specified boundary conditions,
the constitutive equation used to describe the nonlinear material be-
havior, the shell-wall thickness distribution, residual stresses, etc.
Notice that the evaluation of the response function generally in-
volves the solution of a complicated nonlinear structural analysis
problem that typically requires a detailed, and possibly large, finite
element model. However, with today’s computational resources, a
complex nonlinear analysis in itself does not pose any insurmount-
able difficulties. The response function g(X̄) = 0 separates the vari-
able space into a “safe region,” where g(X̄) > 0, and a “failure re-
gion,” where g(X̄) ≤ 0. The reliability R(λ) is calculated from the
probability of failure Pf (λ) by

R(λ) = 1 − Pf (λ) (2)

where

Pf (λ) = Prob{g(X̄) ≤ 0} =
∫

g(X̄)≤ 0

· · ·
∫

f X̄ (x̄) dx̄ (3)

and f X̄ (x̄) is the joint probability density function of the random
variables involved. The credibility of this approach depends on two
factors: the accuracy of the mechanical model used to calculate the
limit-state function and the accuracy of the probabilistic techniques
used to evaluate the multidimensional probability integral.

The FOSM method is an approximate method for evaluating mul-
tidimensional probability integrals that is not as computationally
demanding as exact methods such as the Monte Carlo method. The
FOSM method involves linearizing the response function such that
g(X̄) ≈ Z(X̄) at the mean point and requires knowledge of the dis-
tribution of the random vector X̄. By assuming that both Z(X̄) and
X̄ are normally distributed, then

R(λ) = 1 − Prob(Z ≤ 0)

= 1 −
∫ 0

−∞
fZ (t) dt (4)

where the probability density function fZ (t) is given by

fZ (t) = (
1
/

σZ

√
2π

)
exp

{− 1
2 [(t − a)/σZ ]2

}
(5)

and a = E(Z), σZ = √
[var(Z)]. It has been shown in earlier works

(e.g., Refs. 5 and 6) that with this approach the solution of the
reliability-based buckling problem defined by Eq. (3) can be reduced
to a series of n + 1 deterministic buckling-load calculations, where
n is the number of random variables used.

Numerical Results
To include the effects of initial geometric imperfections in the an-

alytical model in a simple manner, for the purpose of demonstrating
the reliability-based approach the following two-mode initial imper-
fection model that consists of an axisymmetric and an asymmetric
component was employed:

W̄/t = ξ̄1 cos iπ(x/L) + ξ̄2 sin kπ(x/L) cos �(y/R) (6)

From the work of Koiter8 and Budiansky and Hutchinson,9 it
is known that the worst imperfection shapes (the ones that give the
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biggest decrease in the buckling load for a given amplitude) are those
that are similar to the critical bifurcation buckling mode shapes.
Thus, predicted bifurcation buckling mode shapes are used in the
present analysis to form a worst-case imperfection shape. To apply
the first-order second-moment method, the amplitudes of the ax-
isymmetric and asymmetric components in the imperfection model
given in Eq. (6) are set equal to the rms values of the corresponding
measured initial imperfections. The initial imperfection is modeled
using the following alternate double Fourier representation:

W̄ (x, y) = t
n1∑

i = 1

A0i cos iπ
x

L

+ t
n1∑

k = 1

n2∑
� = 2

sin kπ
x

L

(
Ckl cos �

x

L
+ Dkl sin �

y

R

)
(7)

Then, by definition, the rms value of the measured initial imperfec-
tion is

�2
rms = 1

2π RL

∫ 2π R

0

∫ L

0

[W̄ (x, y)]2 dx dy

= t2

4

[
2

n1∑
i = 1

A2
0i +

n1∑
k = 1

n2∑
� = 3

(
C2

kl + D2
kl

)]
(8)

Thus,

(
�rms

t

)2

= 1

2

n1∑
i = 1

A2
0i + 1

4

n1∑
k = 1

n2∑
� = 3

(
C2

kl + D2
kl

)= �2
axi + �2

asy

(9)
The measured initial shape of one of the composite shells used
(AWCYL-11-1) is shown in Fig. 1. As can be seen, the initial im-
perfections are dominated by the � = 2 mode, which represents an
ovalization of the cylinder. However, the eigenvalue from a lin-
ear bifurcation analysis corresponding to the asymmetric mode
(k = 1, � = 2) is equal to 4.106, which is about 10 times bigger than
the lowest eigenvalue λc = 0.398. Based on this fact, it was decided
to neglect the contribution of the ovalization (the � = 2) mode when
calculating the rms values of the measured initial imperfections.
Otherwise, the resulting numerical model used for the buckling load

Table 1 Values of rms imperfection amplitudes and
the sample mean vector

Shell ξ̄1 = −�axi ξ̄2 = −�asy

AWCYL-1-1 −0.27460 · 10−3 0.15395 · 10−1

AWCYL-2-1 −0.33547 · 10−2 0.68915 · 10−1

AWCYL-3-1 −0.23708 · 10−2 0.30062 · 10−1

AWCYL-4-1 −0.40151 · 10−2 0.37061 · 10−1

AWCYL-5-1 −0.28099 · 10−2 0.32179 · 10−1

AWCYL-11-1 −0.22241 · 10−2 0.34885 · 10−1

AWCYL-92-01 −0.25832 · 10−2 0.38190 · 10−1

AWCYL-92-02 −0.11554 · 10−1 0.13259
AWCYL-92-03 −0.89050 · 10−3 0.58660 · 10−1

E(. . . .) −0.33419 · 10−2 0.49771 · 10−1

Table 2 Geometric and material properties of the NASA composite shells11a

Shell Type R, mm t , mm tply, mm E11, N/mm2 E22, N/mm2 G12, N/mm2 v12

AWCYL-1-1 [±45/0/90]s 203.175 1.0140 0.1267 1.2763 · 105 1.1307 · 104 6.0053 · 103 0.300
AWCYL-2-1 [±45/∓45]2s 203.429 2.0198 0.1262 1.2809 · 105 1.1307 · 104 6.0260 · 103 0.300
AWCYL-3-1 [±45/0/90]2s 203.302 2.0117 0.1257 1.2873 · 105 1.1307 · 104 6.0536 · 103 0.301
AWCYL-4-1 [±45/0 × 4/∓45]s 203.048 1.9507 0.1219 1.3279 · 105 1.1307 · 104 6.2466 · 103 0.299
AWCYL-5-1 [±45/90 × 4/∓45]s 203.378 2.0157 0.1260 1.2835 · 105 1.1307 · 104 6.0329 · 103 0.300
AWCYL-11-1 [±45/0/90]2s 203.200 2.0320 0.1270 1.2755 · 105 1.1307 · 104 5 9984 · 103 0.3
AWCYL-92-01 [±45/0 × 2]2s 203.200 1.0160 0.1270 1.2755 · 105 1.1307 · 104 5.9984 · 103 0.3
AWCYL-92-02 [±45/90 × 2]s 203.200 1.0160 0.1270 1.2755 · 105 1.1307 · 104 5 9984 · 103 0.3
AWCYL-92-03 [±45/0/90]s 203.200 1.0160 0.1270 1.2755 · 105 1.1307 · 104 5.9984 · 103 0.3

aFor all shells, L = 355.6 mm.

calculations will predict unrealistically low buckling loads because
the amplitude of the imperfection would be artificially inflated as a
result of the large magnitude of the ovalization (the � = 2) mode.

In this paper, the values ξ̄1 = −�axi and ξ̄2 = �asy denote the
equivalent axisymmetric and asymmetric imperfection amplitudes,
respectively. A listing of the equivalent imperfection amplitudes ob-
tained for nine composite laminated shells fabricated and tested at
NASA Langley Research Center is given in Table 1. The buckling
load calculations were carried out with the code TWOMOD.10 This
code is based on a Galerkin-type solution of the nonlinear Donnell-
type equations for imperfect anisotropic cylinders. The theoretical
buckling load is defined as the value of the nondimensional load-
ing parameter λ = P/Pcl at the limit point of the prebuckling state.
For the statistical calculations, the data associated with laminated
composite shells are used. A listing of the geometric and material
properties of the nine NASA shells tested is given in Table 2. Typical
results of the data reduction for the measured initial imperfections
of these shells are tabulated in Refs. 11 and 12. The mean values and
the variance-covariance matrices of the random variables Xi were
evaluated by using the following ensemble averages for a sample of
the experimentally measured initial imperfections:

ξ̄ j = E(X j ) = 1

M

M∑
m = 1

X (m)

j (10)

cov(X j , Xk) = 1

M − 1

M∑
m = 1

[
X (m)

j − ξ̄ j

][
X (m)

k − ξ̄k

]
(11)

yielding

E(X1) = −0.00334

E(X2) = −0.00498 (12)

cov(X1, X2) =
[

0.0000108 −0.000101

−0.000101 0.00121

]
(13)

Fig. 1 Measured initial shape of a [±±45/0/90]2s graphite-epoxy shell11

(radius: 203.2 mm; length: 355.6 mm; wall thickness: 2.032 mm).
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For the buckling load calculations, shell AWCYL-11-1 was used.
The imperfection model of Eq. (6) was specialized to the most
critical long-wave imperfection combination with the axisymmetric
mode i = 2 and the asymmetric mode k = 1 and � = 6. In particu-
lar, the strong coupling condition i = 2k is enforced for this set of
imperfection mode shapes. This condition for strong coupling be-
tween an asymmetric and an axisymmetric imperfection shape was
first identified by Koiter and has been shown to cause a significant
reduction in the buckling load of a compression-loaded cylinder.
The corresponding eigenvalues are λci = 5.150 and λc,k� = 0.401.
In the probabilistic analysis, it is convenient to renormalize these
eigenvalues so that the critical (the lowest) renormalized eigenvalue
is equal to 1.0. Thus,

ρci = λci/0.398 = 12.932, ρc,k� = λc,k�/0.398 = 1.007

To apply the FOSM method, the mean buckling load has to be
calculated first. Using the imperfection model of Eq. (6), with the
mean values given in Eq. (12), yields E(�s) = 0.896.

Thus,

E(Z) = E(�s) − ρ = 0.896 − ρ (14)

where ρ is the renormalized load parameter defined as

ρ = λ/λm
c (15)

and λm
c = 0.398 is the critical (lowest) normalized buckling load of

shell AWCYL-11-1 used for the numerical calculations. The vari-
ance Z is given by

var(Z) = var(�s) ∼
2∑

j = 1

2∑
k = 1

(
∂�s

∂ξ j

)(
∂�s

∂ξk

)
cov(X1, X2) (16)

The calculation of the derivatives δ�s/δξ j is performed numerically
by using the following numerical differential formulas evaluated, at
values of ξ j = E(X j ):

∂�s

∂ξ1
= �s(ξ1 + �ξ1, ξ2) − �s(ξ1, ξ2)

�ξ1
(17)

∂�s

∂ξ2
= �s(ξ1, ξ2 + �ξ2) − �s(ξ1, ξ2)

�ξ2
(18)

For the increment of the random variable, 1% of the original mean
value of the corresponding equivalent Fourier coefficient is used, so
that �ξ j = 0.01E(X j ). The calculated derivatives are

∂�s

∂ξ1
= 0.7481,

∂�s

∂ξ2
= −1.3622 (19)

Next, using the sample variance-covariance matrix of Eq. (13), the
variance of Z is calculated as

var(Z) = 0.00246 (20)

Table 3 Theoretical and experimental buckling loads of axially compressed composite shells11

Shell Ncl, lb/mm λm
c λ ρa λPc , N ρa Pc , N Pexp, N

AWCYL-1-1 −391.99 0.3660 0.471 0.68 −86,264 −124,546 −134,176
AWCYL-2-1 −1560.40 0.2225 0.580 0.68 −257,441 −301,825 −329,057
AWCYL-3-1 −1554.90 0.3980 0.579 0.68 −457,744 −537,594 −657,265
AWCYL-4-1 −1505.93 0.3186 0.575 0.68 −351,957 −416,229 −558,438
AWCYL-5-1 −1557.37 0.3397 0.580 0.68 −392,128 −459,737 −407,733a

AWCYL-11-1 −1568.68 0.3983 0.581 0.68 −463,424 −542,389 −676,574
AWCYL-92-1 −392.16 0.2659 0.471 0.68 −62,702 −90,526 −123,607
AWCYL-92-2 −392.16 0.2919 0.471 0.68 −68,841 −99,387 −142,005
AWCYL-92-3 −413.37 0.3561 0.471 0.68 −88,524 −127,802 −152,040

aPremature material failure.

Hence, the reliability index β is

β = E(Z)√
var(Z)

= E(�s) − ρ

σZ
= 0.896 − ρ

0.0496
(21)

Finally, the reliability is calculated directly from Eq. (4), that is,

R(ρ) = 1 − Pf (ρ) = 1 − FZ (0) = 1
2 + erf(β) = φ(β) (22)

where φ(β) is the standard normal probability distribution func-
tion. This result is plotted in Fig. 2. Notice that for a reliability of
0.99999, one obtains an improved, renormalized knockdown fac-
tor of ρa = λa/λ

m
c = λa/0.398 = 0.68. Results from the FOSM are

compared to similar results obtained from a Monte Carlo method
in Fig. 2. The Monte Carlo method is based on 5000 realizations or
sample points as compared to the three analyses required to perform
the FOSM method. These results indicate that the results obtained
from the simplified FOSM method are conservative in the high-
reliability region of the reliability curve, for example, R(ρ) greater
than 0.4.

A comparison of the improved, scientific knockdown factor ρa ,
the traditional empirical knockdown factor λ for isotropic shells, and
the corresponding experimental buckling loads Pexp is presented in
Table 3. As can be seen from the results, the reliability-based im-
proved knockdown factor ρa in most cases yields a safe estimate of
the load-carrying capacity of the shells tested if failure is caused by
elastic instability. In addition, the results indicate that the new knock-
down factors can be much less conservative than the corresponding
traditional empirical knockdown factors for these shells based on the
NASA design monograph for isotropic shells. For example, the tra-
ditional design approach for shell AWCYL-1-1 predicts a buckling

Fig. 2 Reliability of the group of nine composite shells9 calculated
using Koiter’s modified two-mode imperfection model.
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load 36% lower than the experimentally measured buckling load.
In contrast, the new probability-based knockdown factor predicts a
buckling load that is only 7% less than the experimental buckling
load.

The premature failure of specimen AWCYL-5-1 was caused by a
material failure near a significant manufacturing defect in the form
of a 0.15-in.-wide lamina ply gap. However, in such instances where
there exists a significant defect as indicated here, one would expect
quality assurance guidelines would reject such a part. In fact, such
quality guidelines already exist in the MIL 17 Handbook on compos-
ite materials and restrict lamina ply gaps to be less than 0.1 in. wide.
On the other hand, one might be able to account for such manufac-
turing defects in the design process by developing scientific-based
knockdown factors for various types of manufacturing defects com-
mon to a specific manufacturing process. With this type of design
knockdown factor information, a designer can make an informed
decision on whether to invest time and money into improving the
manufacturing process to minimize the defects or to settle for the
knockdown associated with the defect.

Conclusions
A probability-based analysis method for predicting buckling

loads of compression-loaded composite cylinders has been pre-
sented. It has been demonstrated that a database containing infor-
mation about the specimen geometry and material properties and
measured initial imperfections for a group of specimens can be
used successfully to calculate improved, less conservative, buckling
load knockdown factors, as compared to the lower-bound knock-
down factors currently used in industry design practice. A first-order
second-moment (FOSM) method and a Monte Carlo method were
both used to evaluate the probability integral and a comparison of
the results from both methods indicated that the FOSM method can
be conservative for high values of reliability. Furthermore, the re-
sults show that the reliability-based knockdown factor ρa always
yields a safe estimate of the buckling load of the cylinder specimens
if failure is caused by elastic instability.

The probability-based analysis procedure presented in this study
can be used to form the basis for a shell analysis and design ap-
proach that includes the effects of initial geometric imperfections
on the buckling load of the shell. In particular, a probability-based
analysis procedure can address some of the critical shell-buckling
design criteria and design considerations for stability-critical shell
structures without resorting to the traditional empirical shell design
approach that generally leads to overly conservative designs.

It is anticipated that, for applications where the total weight of
the structure is one of the critical parameters (e.g., aerospace struc-
tures), there will be a chance for definite improvement in the design
process with the use of a new probabilistic design procedure. It is felt
that the small added effort involved in systematically carrying out
the required initial imperfection surveys will be fully justified by the
overall cost savings and by producing improved, less conservative
and more reliable shell structures. However, to develop a validated

probabilistic design procedure for buckling-sensitive structures,
there is a need for additional systematic combined experimental
and analytical or numerical results. Only then can the benefits be
reaped from the many years of concentrated shell buckling research
of the late 1960s and early 1970s. It is the authors’ opinion that the
technology now exists for such an undertaking.
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